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Abstract—We consider the classical estimation-theoretic framework of a channel estimation phase followed by a data transmission phase for a class of widely-used millimeter wave (mmW)
channel models. We derive the structure of optimal transmissions/sounding beams during the channel estimation phase and
show that this structure depends on the transmit covariance
matrix of the channel. To further understand this structure, we
derive exact and approximate expressions for the transmit and receive covariance matrices of the channel. We conclude the paper
with numerical studies on the accuracy of our approximations
and apply the results of our analysis to the problem of the energy
trade-off between the channel estimation and data transmission
phases.

I. I NTRODUCTION
Wireless communications in the millimeter wave (mmW)
spectrum is considered to be a key enabler in bridging the
burgeoning gap between exponentially increasing wireless data
traffic and the limited supply of electromagnetic spectrum
available for communications [1]–[5]. Millimeter wave systems, by virtue of operating with center frequencies in the
(approximately) 24–300 GHz range, have exposed communication engineers to a unique set of technical challenges
in overcoming the increased free-space propagation, material
penetration and blockage losses in this frequency regime.
The most popular approach to solve this problem involves
the use of a large number of antennas at the transmitter
as well as the receiver. While these multiple-input multipleoutput (MIMO) architectures are common at traditional sub6 GHz frequencies, applying tried-and-tested ideas from the
MIMO literature to mmW systems poses significant additional
challenges, mainly due to the increased cost and complexity
in manufacturing/processing nodes and the high-power consumption of the components of the radio-frequency (RF) chain
(e.g., analog-to-digital converters, transmit and receive filters,
amplifiers, mixers, etc.). These challenges together with the
expectation that the number of antennas for mmW will greatly
exceed the number of antennas for sub-6 GHz systems, have
led communication engineers to explore the lower complexity analog beamforming approach, which requires a smaller
number of RF chains [6]–[11].
The focus of this work is on studying the mmW beam
sounding design problem from an estimation-theoretic perspective hitherto applied to sub-6 GHz systems. In Sec. II, we
briefly present a practical and commonly-used mmW channel
model with some model parameters motivated by real-world
cellular deployments. In Sec. III, we derive the structure of
the optimal transmissions using a classical minimum mean

squared error (MMSE) estimation setup. Motivated by these
results, we then derive exact and approximate expressions for
the transmit and receive covariance matrices with the assumed
channel model. In Sec. IV, we numerically study the accuracy
of our approximate expressions and use these expressions
to investigate the trade-off between channel estimation and
data transmission given a fixed energy budget. These results
complement similar studies traditionally performed in the sub6 GHz regime [12]–[15].
Notations: Lower- (x) and upper-case block (X) letters denote
vectors and matrices with x(i) and X(i, j) denoting the i-th
and (i, j)-th entries of x and X, respectively. kxk2 denotes
the `2 -norm of a vector x, whereas x† , xT and x? denote the
complex conjugate Hermitian transpose, regular transpose and
complex conjugation operations of x, respectively. We use C
to denote the field of complex numbers and E to denote the
expectation operation.
II. C HANNEL M ODEL
We consider a single-user millimeter wave setting with
a multi-antenna transmitter serving a multi-antenna receiver.
The transmitter and receiver are assumed to be equipped
with planar arrays of Ntx × Ntz antennas and Nrx × Nrz
antennas, respectively. At both ends, the inter-antenna element
spacing is λ/2 where λ is the wavelength of propagation. With
Nt = Ntx Ntz and Nr = Nrx Nrz , the channel H ∈ CNr ×Nt between the transmitter and the receiver is given by an extended
geometric propagation model over L clusters/paths [16]:
r
H=

L
Nr Nt X
α` u` v†` .
L

(1)

`=1

In (1), α` , u` and v` denote the complex path gain, and the
unit-norm array steering vectors at the receiver and transmitter
ends, respectively. The path gains are assumed to be independent of the steering vectors and are modeled as independent
and identically distributed (i.i.d.) standard complex Gaussian
random variables: α` ∼ CN (0, 1). The array steering vectors,
u` and v` , depend on the angle of arrival (AoA) and the
angle of departure (AoD) in azimuth and zenith from the
cluster to the receiver and from the transmitter to the cluster,
respectively. The k-th entries of u` and v` are given as [17]:
1
· ejπ(m·sin(θR,` ) cos(φR,` )+n·cos(θR,` ))
u` (k) = √
Nr

for 0 ≤ m ≤ Nrx − 1, 0 ≤ n ≤ Nrz − 1, and
k = mNrz + n + 1, and
1
v` (k) = √ · ejπ(m·sin(θT,` ) cos(φT,` )+n·cos(θT,` )) ,
Nt
for 0 ≤ m ≤ Ntx − 1, 0 ≤ n ≤ Ntz − 1, and
k = mNtz +n+1, where φR,` and φT,` denote the AoA/AoD in
azimuth, and θR,` and θT,` denote the AoA/AoD in elevation,
all for the `-th cluster, respectively.
We furthermore assume that φR,` , θR,` , φT,` and θT,` are
uniformly distributed over a certain angular spread (denoted as
αR , βR , αT and βT , respectively) around a certain cluster angle
(denoted as φR , θR , φT and θT , respectively). This assumption
makes sense in the downlink setting with practical basestation deployments tailored for a certain elevation downtilt
and a sectored coverage. Reasonable model parameters in
this scenario include φT = 0o (without loss in generality),
θT = 90-110o , an azimuth coverage of αT = 90-120o , and an
elevation coverage of βT = 0-45o . For the uplink setting, at
the user end, since the antenna array(s) are expected to provide
full coverage over the sphere, it does not make sense to restrict
φR , θR , αR or βR .
III. O PTIMAL S OUNDING B EAM D ESIGN
In this section, we pose a classical channel estimation
problem using the model from Sec. II. We then derive the
optimal sounding beams as a function of the eigenbasis of
the transmit covariance matrix of the channel. We finish the
section by deriving exact and approximate expressions for the
covariance matrices and comment on their structures.
A. Structure of Optimal Sounding Beams

Without loss in generality, let the diagonal entries of Λtx
be arranged in non-increasing order. The structure of the
optimal Xtr that minimizes the mean squared error for channel
estimation is as follows:
Xtr = Utx Dtx ,

(4)

where Dtx is a diagonal matrix whose diagonal elements
Dtx (i) are chosen via a waterfilling-type procedure over the
diagonal entries of Λtx .
The proof of Prop. 1 follows directly from minimizing
the trace of the estimation error covariance matrix and is
omitted due to space constraints. The main takeaway from
Proposition 1 is that, as expected, the optimal sounding beams
are a function of the eigenspace of the transmit covariance
matrix Rtx . The structure of Rtx can thus give us insights on
the structure of the optimal sounding beams.
B. Exact and Approximate Expressions for the Transmit and
Receive Covariance Matrices
We begin with the exact characterization of the covariance
matrices for the channel model and with the assumptions on
its parameters from Sec. II.
Proposition 2. Under the assumptions from Section II, the
elements of the transmit covariance matrix Rtx are of the form
given in (5), where
k1 = m1 Ntz + n1 + 1, k2 = m2 Ntz + n2 + 1
Rw
and
(w, z) = π2 0 ejz cos(u) du is the zero-th order incomplete cylindrical function of the Poisson form [18, 1.4, p. 23].
Furthermore, the elements of the receive covariance matrix
Rtx are given in (6), where
E0+

Let the energy budget for channel estimation be ρ. The
input-output model for estimating the downlink channel is then
given as
r
ρ
Ytr =
· HXtr + Ntr ,
(2)
Nt

k1 = m1 Nrz + n1 + 1, k2 = m2 Nrz + n2 + 1,
Rπ
and J0 (z) = π1 0 cos (z cos(u)) du is the zero-th order Bessel
function of the first kind [19, 9.1.18, p. 360].

where
Xtr is the

 Nt × Nt -dimensional estimation matrix with
E Tr(Xtr X†tr ) ≤ Nt , H is the Nr × Nt channel matrix and
Ntr is the additive white Gaussian noise matrix (of size Nr ×
Nt ) with i.i.d. entries distributed as Ntr (i, j) ∼ CN (0, 1). Let

the transmit covariance matrix be denoted as Rtx = E H† H .
Proposition 1 establishes the structure of the optimal training
matrix Xtr when performing MMSE estimation.

Corollary 1. Both Rtx and Rrx are block Toeplitz matrices.

Proposition 1. Let the eigen-decomposition of Rtx be expressed as
Rtx = Utx Λtx U†tx .




Rtx (k1 , k2 )
=

Nr

π
αT βT

·

(3)

R θT + β2T

π
αT

θT −

·

βT
2

E0+

E0+

αT
2 , π(m1

Definition 1 (Block Toeplitz matrix). A block Toeplitz matrix
is a block matrix where the blocks are repeated along the
diagonals in Toeplitz form, with each block in itself being a
Toeplitz matrix.

Proof. Note that
r
E [H] ,

L
h
i
Nr Nt X
·
E [α` ] · E u` v`† = 0,
L
`=1

which follows from i) the independence of the AoA/AoD and
ii) the path gains and the zero mean of α` . We start with the


− m2 ) sin(θ) · ejπ(n1 −n2 ) cos(θ) dθ
 jπ(n −n ) cos(θ )
αT
1
2
T
2 , π(m1 − m2 ) sin(θ T ) · e

if βT > 0

(5)

if βT = 0

i
 π hp
i
 π hp
Rrx (k1 , k2 )
= J0
(m1 − m2 )2 + (n1 − n2 )2 + (n1 − n2 ) · J0
(m1 − m2 )2 + (n1 − n2 )2 − (n1 − n2 ) (6)
Nt
2
2

transmit covariance matrix. The second moment (as seen from
the transmit side) can be defined as


Rtx , E H† H
"
#
XX

Nr Nt
†
†
?
=
·E
α`1 α`2 v`1 v`2 · u`1 u`2 .
L
`1

`2

Using i) the independence of AoA/AoD and path gains ii) the
uncorrelated nature and zero mean of α` , and iii) the unit-norm
of u` , we can simplify Rtx as
Rtx =

L



Nr Nt X 
·
E |α` |2 · E v` v`†
L
`=1

L

Nr Nt X 
=
·
E v` v`† ,
L
`=1

where the last step follows from the unit variance of α` . We
now define the functions F1 (z) and F2 (z) as follows:
Z

F1 (z) =
cos z cos(φ) fT (φ)dφ,
(7)
Zφ∈ΦT

F2 (z) =
sin z cos(φ) fT (φ)dφ.
(8)
φ∈ΦT

Using the identically distributed nature of the AoA/AoDs and
the above function definitions, we can write Rtx (k1 , k2 ) as
in (9) below, where k1 = m1 Ntz + n1 + 1 and k2 = m2 Ntz +
n2 + 1.
The assumption of uniformly distributed cluster angles leads
to further simplifications of (7) and (8). More specifically, we
obtain
Z αT /2
1
F1 (z) =
cos (z cos(φ)) dφ
αT −αT /2
Z αT /2
2
=
cos (z cos(φ)) dφ
αT 0

π
αT 
=
· J0
,z ,
αT
2
for F1 (z), where J0 (w, z) is the incomplete Bessel function [18]. Using a similar analysis for F2 (z), we observe that
α

π
T
F2 (z) =
· H0
,z ,
(10)
αT
2
where H0 (w, z) is the incomplete Struve function. Both
J0 (w, z) and H0 (w, z) are generalizations of the standard
Bessel and Struve functions J0 (z) and H0 (z) and form the
real and imaginary parts of the incomplete cylindrical function
E0+ (w, z) [18]. Re-writing (9) in terms of E0+ (w, z) leads to
the expression (5). A similar chain of reasoning can be applied
to arrive at (6).

Rtx (k1 , k2 )
=
Nr

Z
θ∈ΘT

h

To gain insight into the statement of Corollary 1, we
consider the indices in (5) and note that since k1 − k2 =
(m1 − m2 )Ntz + n1 − n2 , it can be seen that
n1 − n2 = (k1 − k2 ) mod Ntz
k1 − k2 − [(k1 − k2 ) mod Ntz ]
.
m1 − m2 =
Ntz
Note that different (m1 − m2 , n1 − n2 )-pairs could map to
(k1 , k2 )-pairs such that k1 − k2 are the same. Thus, for fixed
values of m1 −m2 , every resulting block depends only on n1 −
n2 and is thus Toeplitz. Furthermore, the blocks itself change
as functions of (m1 − m2 ), resulting in the aforementioned
block Toeplitz structure.

We note that special functions like E0+ (w, z)—both standard and incomplete versions—have been of interest in electromagnetic theory for a long time; see, e.g., [17], [20], [21]
and references therein. Thus, it is not surprising to see such
functions in channel modeling applications. More recently,
such functions have been useful in problems in communication
theory.
To close this section, we note that while (5) and (6) provide
exact expressions for the transmit and receive covariance
matrices, the complicated nature of special functions like
E0+ (w, z) renders these expressions difficult to handle for
further analysis or implementation. To overcome this difficulty,
Prop. 3 provides some intuition on the behavior of the entries
of Rtx and Rrx as the antenna dimentions increase. The
numerical studies in Sec. IV-A will study the accuracy of these
approximations.
Proposition 3. If m1 = m2 , we have

R θ + βT
Rtx (k1 , k2 )  β1T T βT2 ejπ(n1 −n2 ) cos(θ) dθ
θT − 2
=

Nr
ejπ(n1 −n2 ) cos(θT )

if βT > 0
if βT = 0.

If {Ntx , Ntz } → ∞ and m1 − m2 6= 0 is such that it satisfies
 



βT
βT
π · min sin θT −
, sin θT +
2
2
α 
T
· sin
· |m1 − m2 |  1,
2
we have
s
2
Rtx (k1 , k2 )
≈
(11)
2 · (m − m ) · X + ε,
Nr
αT
1
2
where X is given
 in (12) and the error term satisfies
1
ε = O |m1 −m
. On the receive side, as {Nrx , Nrz } → ∞,
2|
we can approximate
Rtx 
with (13), with the error term

1
.
satisfying ε = O |m1 −m
2
2|
Proof. Note that E0+ (w, z) → 2w
π as z → 0 with continuity.
Thus, we have the expression in (11) as in the statement of
the proposition for the two cases: βT > 0 and βT = 0.




i
F1 π(m1 − m2 ) sin(θ) + jF2,T π(m1 − m2 ) sin(θ) · ejπ(n1 −n2 ) cos(θ) gT (θ) dθ

(9)

X=





1
βT

R θT + β2T

e

(

jπ (m1 −m2 ) sin(θ)+(n1 −n2 ) cos(θ)− 1
4

√

β
θ T − 2T
sin(θ)
jπ (m1 −m2 ) sin(θ T )+(n1 −n2 ) cos(θ T )− 1
4
e

(




Rrx (k1 , k2 )
=
Nt

·

√

dθ

if βT > 0
(12)

)

if βT = 0

sin(θ T )


i
h  p
2 sin π (m1 − m2 )2 + (n1 − n2 )2 + cos (π(n1 − n2 ))
+ ε.

π 2 · |m1 − m2 |

50

θT ∈ [80◦ , 100◦ ]
0.6

θT ∈ [60◦ , 120◦ ]

40
bits/channel use

0.4

(13)

CSIT + CSIR
CSIR
Ilower (ηopt )

θT ∈ [70◦ , 110◦ ]
e tx kF /Nt
kRtx − R

)

30
20

0.2
10
0.0
2×2

4×4

8×8
Ntx × Ntz

16 × 16

0.0

32 × 32

Fig. 1. Approximation accuracy for increasing UPA dimensions and different
sectoral area coverages. As Prop. 3 predicts, the relative error decreases as
the UPA dimensions {Ntx , Ntz } increase.

For the behavior of Rtx (k1 , k2 ) as |k1 − k2 | increases with
{Ntx , Ntz } → ∞, from [18, 10.15, p. 69], note that
r


1
2 j(z−π/4) 2j · ejz cos(w)
+
E0 (w, z) ≈
e
+
+O
πz
πz sin(w)
z 3/2
if |z sin(w)|  1. Thus, we have (11) in the statement of the
proposition. For the receive side, we note that [19, 9.2.1]
r
 

2
π
1
z→∞
cos z −
+O
,
J0 (z) →
πz
4
z
which results in the expression in (13).



IV. N UMERICAL S TUDIES AND A PPLICATIONS
This section presents numerical studies and simulation results using the derived exact and approximate expressions.
We begin by investigating the accuracy of the approximation
presented in Prop. 3 and follow this up with an investigation on
the trade-off between data transmission and channel estimation
when using the optimal sounding beams derived in Sec. III.
A. Transmit Covariance Approximation Accuracy
Fig. 1 studies the accuracy of the approximations from
Prop. 3 for varying sector area coverages. More specifically,
for varying uniform planar array (UPA) dimensions and sector
e tx
widths, we let Rtx be the exact expression from (5) and let R
be the approximation from Prop. 3. We observe that the overall
trend of increased accuracy for increasing antenna dimensions
holds even at the relatively small dimensions shown in the
figure. This suggests that for sufficiently large antenna arrays,

2.5
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Fig. 2. Mutual information with channel information at both ends (labeled CSIT+CSIR), only at the receiver (labeled CSIR) and with the lower
bound (17) for ηopt as P → ∞. Model parameters: θT ∈ [70◦ , 110◦ ],
Ntx = 8, Ntz = 8, Nrx = 4, Nrz = 4, L = 5, Ns /Nt = 10

the use of the approximate expressions, which do not require
the computation of special functions, is sufficient for further
analysis and the development of adaptive algorithms.
B. Bounds on Mutual Information
To highlight an application of the expressions derived in this
paper, we investigate the effect on the mutual information of
the trade-off between channel estimation and data transmission
when operating under a fixed energy budget. To illustrate
this, we assume the traditional channel estimation followed
by data transmission framework [12]–[15] and a fixed energy
budget (over a channel coherence interval Ns ) of P Ns , of
which we allocate a fraction η ∈ (0, 1) for channel estimation
and the remaining (1 − η) fraction for data transmission. The
observation model during the channel estimation phase is thus
r
ηP Ns
Ytr =
HXtr + Ntr
(14)
Nt
whereas the input-output model during the data transmission
is given as
s
(1 − η)P Ns
ysi =
Hxsi + nsi
(15)
(Ns − Nt )Nt
s
(1 − η)P Ns b
=
Hxsi + n0si ,
(16)
(Ns − Nt )Nt
where
s
n0si

=


(1 − η)P Ns 
b xsi + nsi .
H−H
(Ns − Nt )Nt

By treating the channel estimation error as noise [12], we arrive at a lower bound for the instantaneous mutual information
in the form of


(1−η)P Ns
−Nt
bH
b † · Σ−1 , (17)
I ≥ NsN
·
log
det
I
+
·
H
N
n
r
(Ns −Nt )Nt
s
b
where Σn = E [n0si n0∗
si ] and the MMSE channel estimator H
is defined as
r

−1
b = ηP Ns Ytr ηP Ns X∗ Rtx Xtr + IN
X∗tr Rtx .
H
tr
t
Nt
Nt
We are now interested in understanding the optimal η as a
function of transmit power P . Prop. 4 (proof omitted due to
lack of space) outlines some asymptotic results.
Proposition 4. As P → 0, we have
ηopt (P ) →

1
.
2

(18)

Conversely, as P → ∞, we have
√

ηopt (P ) → √

Nt
√ .
Ns − Nt + Nt

(19)

Fig. 2 compares (17) using the high-SNR ηopt from Prop. 4
against the ergodic capacity with perfect channel state information (CSI) at both the transmitter and receiver (waterfilling
solution over the left and right singular vectors) and with
perfect CSI at the receiver alone (with equi-power identity
optimal signal covariance matrix). As we expect, given our
derivation of the optimal sounding beams Xtr , the trend of
the achievable scheme with ηopt tracks the trend seen with the
perfect CSI at the receiver. We note that the value for ηopt used
in this simulation is strictly sub-optimal for the lower SNR
regime, which implies room additional performance gains with
the non-asymptotic optimal ηopt (P ).
V. C ONCLUSION
We considered beam training over a generalized SalehValenzuela mmW channel model in this work. This framework considers a channel estimation phase followed by data
transmission and has been explored in prior work for sub6 GHz frequencies. But to the best of our understanding,
such a study at mmW frequencies is novel. Falling out of the
structure of the optimal signaling matrices over the channel
training phase is the need to understand the transmit covariance
matrix of the channel. Towards this goal, we presented exact
and approximate expressions for the transmit and receive
covariance matrices with the mmW channel model. Numerical
simulations studied the accuracy of the proposed approximations for varying system parameters. We finally presented
preliminary results of our investigations on the achievable
rates with the channel estimation–data transmission trade-off
for a fixed energy budget over a single coherence interval.
Our results show that the general rate trends realized with
the achievable scheme are comparable to the trends realized
assuming perfect channel state information at the receiver.
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